We show that the space of negatively curved metrics of a closed negatively curved Riemannian n-manifold, n ≥ 10, is highly non-connected.
An open problem posed by K. Burns and A. Katok ( [2] , Question 7.1) about closed negatively curved manifolds M is the following: is the space MET sec<0 (M ) of negatively curved metrics on M path connected? In dimension two, Hamilton's Ricci flow [8] shows that Hyp (M 2 ) is a deformation retract of MET sec<0 (M 2 ). But Hyp (M 2 ) fibers over the Teichmüller space T (M 2 ) ∼ = R 6µ−6 (µ is the genus of M 2 ), with contractible fiber D = R + × DIF F (M 2 ) [5] . Therefore Hyp (M 2 ) and MET sec<0 (M 2 ) are contractible.
In this paper we prove that, for n ≥ 10, MET sec<0 (M n ) is never path-connected; in fact, it has infinitely many path-components. Moreover we show that all the groups π 2p−4 (MET sec<0 (M n )) are non-trivial for every prime number p > 2, and such that p < n+5 6 . (In fact, these groups contain the infinite sum (Z p ) ∞ of Z p = Z/p Z's, and hence they are not finitely generated. Also, the restriction on n = dim M can be improved to p ≤ n−2 4 . See Remarks 1 below.) We also show that π 1 (MET sec<0 (M n )) is not finitely generated when n ≥ 14. These results about π k are true for each path component of MET sec<0 (M n ); i.e. relative to any base point. Before we state our Main Theorem, we need some definitions.
Denote by DIF F (M ) the group of all smooth self-diffeomorphisms of M . We have that DIF F (M ) acts on MET (M ) pulling-back metrics: φg = (φ −1 ) * g = φ * g, for g ∈ MET (M ) and φ ∈ DIF F (M ), that is, φg is the metric such that φ : (M, g) → (M, φ g) is an isometry. Note that DIF F (M ) leaves invariant all spaces MET sec∈I (M ), for any I ⊂ R. For any metric g on M we denote by DIF F (M ) g the orbit of g by the action of DIF F (M ). We have a map Λ g : DIF F (M ) → MET (M ), given by Λ g (φ) = φ * g. Then the image of Λ g is the orbit DIF F (M ) g of g. And Λ g of course naturally factors through MET sec∈I (M ), if g ∈ MET sec∈I (M ). Note that if dim M ≥ 3 and g ∈ MET secc=−1 (M ), then the statement of Mostow's Rigidity Theorem is equivalent to saying that the map Λ g : DIF F (M ) → MET secc=−1 (M ) = Hyp (M ) is a surjection. Here is the statement of our main result.
Main Theorem. Let M be a closed smooth n-manifold and let g be a negatively curved Riemannian metric on M . Then we have that:
is not constant, provided n ≥ 10.
ii. the homomorphism π 1 (Λ g ) : π 1 ( DIF F (M ) ) → π 1 ( MET sec<0 (M ) ) is non-zero, provided n ≥ 14.
iii. For k = 2p − 4, p prime integer and 1 < k ≤ n−8 3 , the homomorphism π k (Λ g ) :
) ) is non-zero. (See Remarks 1 below.)
Addendum to the Main Theorem. We have that the image of π 0 (Λ g ) is infinite and in cases (ii.), (iii) mentioned in the Main Theorem, the image of π k (Λ g ) is not finitely generated. In fact we have:
i. For n ≥ 10, π 0 ( DIF F (M ) ) contains (Z 2 ) ∞ , and π 0 (Λ g )| (Z 2 ) ∞ is one-to-one.
ii. For n ≥ 14, the image of π 1 (Λ g ) contains (Z 2 ) ∞ .
iii. For k = 2p − 4, p prime integer and 1 < k ≤ Hence, taking k = 0 (i.e. p = 2) in Corollary 2, we get that for any closed hyperbolic manifold (M n , g), n ≥ 10, there is a hyperbolic metric g ′ on M such that g and g ′ cannot be joined by a path of negatively curved metrics.
Also, taking a = −1 − ǫ, b = −1 (0 ≤ ǫ) in Corollary 1 we have that the space MET −1−ǫ ≤ sec ≤−1 (M n ) of ǫ-pinched negatively curved Riemannian metrics on M has infinitely many path components, provided it is not empty and n ≥ 10. And the homotopy groups π k (MET −1−ǫ ≤ sec ≤−1 (M )), are non-zero for the cases (ii.), (iii.) mentioned in the Main Theorem. Moreover, these groups are not finitely generated.
Remark 1.
The restriction on n = dim M given in the Main Theorem, its Addendum and its Corollaries are certainly not optimal. In particular, in (iii.) it can be improved to 1 < k < n−10 2 by using Igusa's "Surjective Stability Theorem" ( [12] , p. 7).
The Main Theorem follows from Theorems 1 and 2 below. Before we state these results we need some definitions and constructions. For a manifold N let P (N ) be the space of topological pseuso-isotopies of N , that is, the space of all homeomorphisms N × I → N × I, I = [0, 1], that are the identity on (N × {0}) ∪ (∂N × I). We consider P (N ) with the compact-open topology. Also, P dif f (N ) is the space of all smooth pseudo-isotopies on N , with the smooth topology. Note that P dif f (N ) is a subset of P (N ). The map of spaces P dif f (N ) → P (N ) is continuous and will be denoted by ι N , or simply by ι. The space of all self-diffeomorphisms of N will be denoted by DIF F (N ), considered with the smooth topology. Also DIF F (N, ∂) denotes the subspace of DIF F (N ) of all self-diffeomorphism of N which are the identity on ∂N .
Remark 2. We will assume that the elements in DIF F (N, ∂) are the identity near ∂N .
Note that DIF F (N × I, ∂ ) is the subspace of P dif f (N ) of all smooth pseudo-isotopies whose restriction to N × {1} is the identity. The restriction of ι N to DIF F (N × I, ∂) will also be denoted by ι N . The map ι N : DIF F (N × I, ∂ ) → P (N ) is one of the ingredients in the statement Theorem 1.
We will also need the following construction. Let M be a negatively curved n-manifold.
Let α : S 1 → M be an embedding. Sometimes we will denote the image α(S 1 ) just by α. We assume that the normal bundle of α is orientable, hence trivial. Let V : S 1 → T M ×...×T M , be an orthonormal trivialization of this bundle: V (z) = (v 1 (z), ..., v n−1 (z)) is an orthonormal base of the orthogonal complement of α(z) ′ in T z M . Also, let r > 0, such that 2r is less that the width of the normal geodesic tubular neighborhood of α. Using V , and the exponential map of geodesics orthogonal to α we identify the normal geodesic tubular neighborhood of width 2r minus α, with S 1 × S n−2 × (0, 2r]. Define Φ = Φ M (α, V, r) : DIF F (S 1 ×S n−2 ×I, ∂) → DIF F (M ) in the following way. For ϕ ∈ DIF F (S 1 ×S n−2 ×I, ∂) let Φ(ϕ) : M → M be the identity outside S 1 × S n−2 × [r, 2r] ⊂ M , and Φ(ϕ) = λ −1 ϕλ, where λ(z, u, t) = (z, u, t−r r ), for (z, u, t) ∈ S 1 × S n−2 × [r, 2r]. Note that the dependence of Φ(α, V, r) on α and V is essential, while its dependence on r is almost irrelevant.
We denote by g the negatively curved metric on M . Hence we have the following diagram
where
Theorem 1. Let M be a closed n-manifold with a negatively curved metric g. Let α, V , r and Φ = Φ(α, V, r) be as above, and assume that α in not null-homotopic. Then
Here π k (Λ g Φ) and π k (ι) are the homomorphisms at the k-homotopy group level induced by Λ g Φ and ι = ι S 1 ×S n−2 , respectively.
Remark. In the statement of Theorem 1 above, by Ker ( π 0 (Λ g Φ) ) (for k = 0) we mean the set (π 0 ( Λ g Φ ))
is the connected component of the metric g.
Hence to deduce the Main Theorem from Theorem 1 we need to know that π k (ι S 1 ×S n−2 ) ) is a non-zero homomorphism. Furthermore, to prove the Addendum to the Main Theorem we have to show that π k (DIF F (S 1 × S n−2 × I, ∂)) contains an infinite sum of Z p 's (resp. Z 2 's) where k = 2p − 4, p prime (resp. k = 1) and π k (ι S 1 ×S n−2 ) ) restricted to this sum is one-to-one.
Theorem 2. Let p be a prime integer such that
The paper is structured as follows. In Section 1 we give some Lemmas, including some fibered versions of Whitney embedding Theorem. In Section 2 we give (recall) some facts about simply connected negatively curved manifolds and their natural extensions to a special class of non-simply connected ones. The results and facts in Sections 1 and 2 are used in the proof of Theorem 1, which is given in section 3. Finally Theorem 2 is proved in section 4.
Before we finish this introduction, we give an idea of how Theorem 1 is proved. We do this for the case k = 0, that is, we give an idea of how to show the following:
, and write ϕ = Φ(θ) : M → M . Suppose that θ cannot be joined by a path to the identity in P (S 1 × S n−2 ). Then g cannot be joined to φ * g by a path of negatively curved metrics.
(The proof of Theorem 1 for higher k-homotopy groups is just notationally more complicated than the case k = 0.) Here is the idea of the proof of the statement above, i.e, for k = 0. Suppose that there is a smooth path g u , u ∈ [0, 1], of negatively curved metrics on M , with g 0 = g and g 1 = ϕ * g. We will use g u to show that θ can be joined to the identity in P (S 1 × S n−2 ). We assume that α is an embedded closed geodesic in M . Let Q be the cover of M corresponding to the infinite cyclic group generated by α. Each g u lifts to a g u on Q (we use the same letter). Then α lifts isometrically to (Q, g) and we can identify Q with S 1 × R n−1 such that α corresponds S 1 = S 1 × {0} and such that each {z}×Rv, v ∈ S n−2 ⊂ R n−1 , corresponds to a g geodesic ray emanating perpendicularly from α. For each u, the complete negatively curved manifold (Q, g u ) contains exactly one closed geodesic α u , and α u is freely homotopic to α. Let us assume that α u = α, for all u ∈ [0, 1]. Moreover, let us assume that g u coincides with g in the normal tubular neighborhood W of length one of α. Note that Q \ int W can be identified with (S 1 × S n−2 ) × [1, ∞). Using geodesic rays emanating perpendicularly from α, we can define a path of diffeomorphisms
• exp u , where exp u denotes the normal (to α) exponential map with respect to g u , and exp = exp 0 . Using "the space at infinity" ∂ ∞ Q of Q (see Section 2) we can extend f u to (S 1 ×S n−2 )×[1, ∞] which we identify with (S 1 × S n−2 ) × [0, 1]. Finally, it is proved that f 1 can be joined to θ in P (S 1 × S n−2 ) (see Claim 6 in Section 3). This is enough because f 0 is the identity.
Along the (idea of the) proof above we have made several assumptions: (1) α is an embedded closed geodesic, (2) α u = α for all u, (3) g u coincides with g in a neighborhood of g.
(1) can be obtained "after a deformation " in Q. (2) can also be obtained after a deformation in Q using the results of Section 2. We do not know how to obtain (3) after a deformation (and this might even be impossible to do) so we have to use some approximation methods based on Lemma 1.6 which implies that we can take a very thin normal neighborhood W of α such that all normal (to α) g u geodesics rays will intersect ∂W transversally in one point.
Section 1. Preliminaries.
For smooth manifolds A, B, with A compact, C ∞ (A, B), DIF F (A), Emb (A, B) denote the space of smooth maps, smooth self-diffeomorphisms and smooth embeddings of A into B, respectively. We consider these spaces with the smooth topology. The l-disc will be denoted by D l . We choose u 0 = (1, 0, ..., 0) as the base point of S l ⊂ D l+1 . For a map f : A × B → C, we denote by f a the map given by 
is an embedding for all u ∈ ∂D. Assume that that k + 2m + 1 < n. Then H ′ is homotopy equivalent to a smooth mapH : D × P → Q such that
2.H|
Proof. It is not difficult to construct a smooth map g :
D×T , where we consider Q = Q × {0} ⊂ Q × R q . Also G| ∂D×P = H ′ | ∂D×P . Note that G is homotopic to H ′ because g is homotopy trivial. Now, as in the proof of Whitney's Theorem, we want to reduce the dimension q to q − 1. So assume q > 0. Given
, denote by L w : R n+q → R n+q−1 the linear projection "in the w-direction". As in the proof of Whitney's Theorem, using the dimension restriction and Sard's Theorem, we can find a "good" w:
For this consider:
Here ∆(P ) = {(p, p) : p ∈ P } and SP is the sphere bundle of P (with respect to any metric). Since (k + 1) + 2m < n and q > 0, by Sard's Theorem the images of r and s have measure zero in S n+q−1 . This proves the Claim. Also, since D and P are compact, we can choose w close enough to (0,..
In the same way we define G 2 : D × P → Q × R q−2 and so on. Our desired mapH isH = G q . This proves the Lemma.
In what follows of this section we consider Q = S 1 ×R n−1 = (S 1 ×R)×R n−2 ⊂ R 2 ×R n−2 , where the inclusion S 1 ×R ֒→ R 2 is given by (z, s) → e s z. That is, we identify S 1 ×R with the open set R 2 \{0}, hence we identify Q = S 1 ×R n−1 with (R 2 \{0})×R n−2 = R n \ ( {0}×R n−2 ). Also, identify S 1 with S 1 × {0} ⊂ Q and denote by h 0 :
Since Q is aspherical, we can extend H ′ to D k+1 × {1} × I (for k = 0 use the assumption given in the statement of the Lemma). H ′ is now defined on
A by attaching a (k+3)-cell and Q is aspherical, we can extend H ′ to D k+1 ×S 1 ×I. This proves the Lemma.
3.Ĥ u is a smooth isotopy from h
Proof. During this proof some isotopies and functions have to be smoothed near endpoints and boundaries. We do not do this to avoid unnecessary technicalities.
We now want to defineĤ on D × S 1 × I. To do this first apply Lemma 1.2 taking:
= κ c h 0 are embeddings and the images of h u and κ c h 0 are disjoint (by the choice of c). Let thenH be the map given by Lemma 1.1. Finally defineĤ(u, z, t) =H(u, z, 2t). This proves the Lemma.
Extending the isotopiesĤ u between h u and h ′ u given in the Lemma above, to compactly supported ambient isotopies we obtain the following Corollary:
H u is a ambient isotopy from h
Remark. Note that Lemma 1.4 can be paraphrased as follows: the homotopy fiber of
We will also need the result stated in Lemma 1.6, below. First we prove a simplified version of it. The k-sphere of radius δ, {v ∈ R k+1 : |v| = δ}, will be denoted by S k (δ). Lemma 1.5. Let X be a compact space and f : X → DIF F (R l ) be continuous and write
Then there is a δ 0 > 0 such that, for every x ∈ X and δ ≤ δ 0 , the map
Proof. First note that for all x ∈ X and δ > 0, the maps in DIF F (S l−1 (δ),
|fx(v)| ) would be immersions of degree 1 (or -1), hence diffeomorphisms).
Suppose this does not happen. Then there is a sequence of points (
By changing the sign of u m we can assume that
Claim. We have that
Proof of the Claim. Since f is continuous, all second order partial derivatives of the coordinate functions of the f x at v, with, say, |v| ≤ 1, are bounded by some constant. Hence there is a constant
|D 0 fx(w)| . This is a contradiction since D 0 f x is an isomorphism and u, w ∈ S l−1 are linearly independent (because u, w = lim m u m , vm |vm| = 0). This proves the Lemma. Lemma 1.6. Let X be a compact space, N a closed smooth manifold and f : X → DIF F (N × R l ) be continuous and write
Proof. The proof is similar to the proof of the Lemma above. Here are the details. Let d = dim N and consider N with some Riemannian metric.
As before it is enough to prove that there is
Before we prove this we have a Claim. Claim 1. We have:
. This proves the Claim.
Suppose now that (2) does not happen. Then there is a sequence of points (x
By changing the sign of (s m , u m ) we can assume that
Proof of the Claim. Since f 2 is continuous, all second order partial derivatives of the coordinate functions of the f 2 x at v, with, say, |v| ≤ 1, are bounded by some constant. Hence there is a constant
Note that, by claim 1 and
This proves the Claim.
, where w ′ = λw, for some λ > 0. Hence D (z,0) f 2 x (s, u−w ′ ) = 0, and by Claim 1, u = w ′ = λw a contradiction because |w| = 1 and u, w = 0. This proves the Lemma. Section 2. Space at infinity of some complete negatively curved manifolds.
If I = [a, ∞), β is called a quasi-geodesic ray. If we want to specify the constants λ and ǫ in the definitions above we will use the prefix (λ, ǫ). It is a simple exercise to prove that the composition of a (λ, ǫ)-quasi-isomeric embedding with a (λ ′ , ǫ ′ )-quasi-isomeric embedding is a (λλ ′ , λ ′ ǫ + ǫ ′ )-quasi-isomeric embedding. Also, if f : X 1 → X 2 is a quasi-isometry and the Hausdorff distance between some subsets A, B ⊂ X 1 is finite, then the Hausdorff distance between f (A) and f (B) is also finite. In this paper a unit speed geodesic will always mean an isometric embedding with domain some interval I ⊂ R. Also a geodesic will mean a function t → α(ρt), where α is a unit speed geodesic and ρ > 0. Then every geodesic is a quasi-geodesic with ǫ = 0, that is, a (λ, 0)-quasi-geodesic, for some λ. y) . In the same way we prove d ≤ In what remains of this section (Q, g) will denote a complete Riemannian manifold with sectional curvatures in the interval [c 1 , c 2 ], c 1 < c 2 < 0, and S ⊂ Q a closed totally geodesic submanifold of Q, such that the map π 1 (S) → π 1 (Q) is an isomorphism. Write Γ = π 1 (S) = π 1 (Q). Also, d will denote the intrinsic metric on Q induced by g. Note that S is convex in Q, hence d| S is also the intrinsic metric on S induced by g| S . We can assume that the universal coverS of S is contained in the universal coverQ of Q. We will consider Q with the lifted metricg and the induced distance will be denoted byd. The group Γ acts by isometries onQ such that Γ(S) = S and Q =Q/Γ, S =S/Γ. The covering projection will be denoted by p :Q →Q/Γ = Q. Let T be the normal bundle of S, that is, for z ∈ S,
is, π : T → S is the bundle projection. The unit sphere bundle and unit disc bundle of T will be denoted by N and W , respectively. Note that the normal bundle, normal sphere bundle and the normal disc bundle ofS inQ are the liftingsT ,Ñ andW of T , N and W , respectively. For v ∈ T q Q or v ∈ T qQ , v = 0, the map t → exp q (tv), t ≥ 0, will be denoted by c v and its image will be denoted by the same symbol. SinceQ is simply connected, c v is a geodesic ray, for every v ∈Ñ . We have the following well know facts.
1. For any closed convex set C ⊂Q, and a geodesic c, the function t →d ( c(t) , C ) is convex. This implies 2 below.
2. Let c be a geodesic ray beginning at some z ∈S. Then either c ⊂S ord ( c(t) ,S ) → ∞, as t → ∞.
3. For every v ∈ T , v = 0, c v is a geodesic ray. Moreover, for non-zero vectors
The exponential map
, is a diffeomorphism. We can define then the submersion proj : Q → S, proj(q) = z, if exp(v) = q, for some v ∈ T z . Write also η(q) = |v | and we have η(q) = d ( q , S ). Also, the exponential mapẼ :T →Q,Ẽ(v) = exp π(v) (v), is a diffeomorphism andẼ is a lifting of E.
5. Since S is compact there is a map ̺ such that: (1) for
, where a = min{η(q 1 ), η(q 2 )} (2) ̺(0) = 1, ̺ is an increasing function and tends to ∞ as t → ∞.
6. Recall that we are assuming that all sectional curvatures ofQ are less that c 2 < 0. Given λ ≥ 1, ǫ ≥ 0, there is a number K = K(λ, ǫ, c 2 ) such that the following happens. For every (λ, ǫ)-quasi-geodesic c inQ there is a unit speed geodesic β with the same endpoints as c, whose Hausdorff distance from c is less or equal K. Note K depends on λ, ǫ, c 2 but not on the particular manifoldQ (see, for instance, [1] , p. 401; see also Proposition 1.2 on p. 399 of [1] ).
Recall that the space at infinity ∂ ∞Q ofQ can be defined as { quasi−geodesic rays inQ}/ ∼ where the relation ∼ is given by: β 1 ∼ β 2 if their Hausdorff distance is finite. We say that a quasi-geodesic β converges to p ∈ ∂ ∞Q if β ∈ p. Fact 6 implies that we can define ∂ ∞Q also by { geodesics rays inQ }/ ∼. We consider ∂ ∞Q with the usual cone topology (see [1] , p. 263). Recall that, for any q ∈Q, the map {v ∈ T qQ : |v| = 1} → ∂ ∞Q given by v → [c v ] is a homeomorphism. Let ς : [0, 1] → [0, ∞) be a homeomorphism that is the identity near 0. We also have that (Q) =Q ∪ ∂ ∞Q can be given a topology such that bothQ and ∂ ∞Q are subspaces and the map {v ∈ T qQ : |v| ≤ 1} → ∂ ∞Q given by v → exp q (ς(|v|) v |v| ), for |v| < 1 and v → [c v ] for v = 1, is a homeomorphism. We have some more facts or comments.
7. Given q ∈Q and p ∈ ∂ ∞Q there is a unique unit speed geodesic ray β beginning at q and converging to p. 
SinceS is convex inQ every geodesic ray inS is

(i) β is a quasi-geodesic ray and diverges fromS.
(ii) pβ is a quasi-geodesic ray.
Proof. First note that if a path α(t), t ≥ a, satisfies the (λ, ǫ)-quasi-geodesic ray condition, for t ≥ a ′ ≥ a, then α(t) satisfies the (λ, ǫ ′ )-quasi-geodesic ray condition, for all t ≥ a, where ǫ ′ = ǫ + diameter(α([a, a ′ ])).
(i) implies (ii). Let β satisfy (i). Then there are λ ≥ 1, ǫ ≥ 0 such that 1 λ |t − t ′ | − ǫ ≤d(β(t), β(t ′ )) ≤ λ|t − t ′ | + ǫ, for every t, t ′ ≥ a. Fix t, t ′ ≥ a and let α be the unit speed geodesic segment joining β(t) to β(t ′ ). Then pα joins pβ(t) to pβ(t ′ ). Therefore
We show the other inequality. By item 6, β is at finite Hausdorff distance (say, K ≥ 0) from a geodesic ray α. Since β (hence α) gets far away fromS, it converges to a point at infinity in ∂ ∞Q \ ∂ ∞S . Therefore we can assume that α(t) = cṽ(t) = expz(tṽ) for somẽ v ∈Tz, with |ṽ| = 1. It follows that pβ is at Hausdorff distance K ′ = K + d(β(a),S) from c v , where v ∈ T z is the image ofṽ by the derivative Dp(z), and z = p(z). Note that c v is a geodesic ray in Q (see item 3). Let U denote the K neighborhood of c v in Q andŨ the K neighborhood of cṽ inQ. We claim that p :Ũ → U satisfies: d(p(x), p(y)) ≥d(x, y) − 4K, for x, y ∈Ũ . To prove this let t,
(ii) implies (i). Let β satisfy (ii). Since pβ is a proper map its distance to S must tend to infinity. Hence the distance of β toS also tends to infinity.
Let pβ satisfy
Fix t, t ′ ≥ a and let α be the unit speed geodesic segment joining β(t) to β(t ′ ). Then pα joins pβ(t) to pβ(t ′ ). Therefored(β(t),
We prove the other inequality. Since S is compact and by item 5, the radius of injectivity of a point in Q tends to infinity as the points gets far from S. Hence there is a ′ ≥ a such that for every t ≥ a ′ , the ball of radius e = λ + ǫ centered at β(t) is convex. Let t ′ > t > a ′ and n an integer such that n < t ′ − t ≤ n + 1. Let α k , k = 1, ..., n, be the unit speed geodesic segment from pβ(t + k − 1) to pβ(t + k), and α n+1 the unit speed geodesic segment from pβ(t + n) to pβ(t ′ ). Note that length g (α k ) = d(pβ(t + k − 1), pβ(t + k)) ≤ λ + ǫ = e. Therefore pβ| [t+k−1,t+k] is homotopic, rel endpoints, to α k (analogously for α n+1 ). Let α the concatenation α 1 * ... * α n+1 . Then α is homotopic, rel endpoints, to pβ| [t,t ′ ] . Note that the length of α is ≤ (n + 1)e. Letα be the lifting of α beginning at β(a ′ ). Thenα is homotopic, rel endpoints, to β| [t,t ′ ] . Henced(β(t), β(t ′ )) ≤ length(α) ≤ (n + 1)e = ne + e < e(t ′ − t) + e. We showed that
. This proves the Lemma.
Let Q 1 , Q 2 be two complete simply connected negatively curved manifolds. If β is a quasi-geodesic in Q 1 and f : Q 1 → Q 2 is a quasi-isometry then f (β) is also a quasi-geodesic. Also, if two subsets of Q 1 have finite Hausdorff distance, their images under f will have finite Hausdorff distance as well. Therefore f induces a map f ∞ :
In addition, if f is a homeomorphism, thenf is a homeomorphism.
11. Let g ′ be another complete Riemannian metric onQ whose sectional curvatures are also ≤ c 2 < 0, and such that there are constants a, b > 0 with a 2 ≤ g ′ (v, v) ≤ b 2 for every v ∈ TQ withg(v, v) = 1, and such thatS is also a convex subset of (Q, g ′ ).
Then ∂ ∞Q is the same if defined usingg or g ′ . Moreover item 9 above also holds for (Q, g ′ ) (with respect to all proper concepts defined using g ′ instead ofg). This is because the identity (Q,g) → (Q, g ′ ) induces the homeomorphism ∂ ∞Q → ∂ ∞Q that preserves ∂ ∞S (see Lemma 2.1 and item 10).
Since Γ acts by isometries onQ, we have that Γ acts on ∂ ∞Q (see item 10). Also, since Γ preservesS, Γ also preserves ∂ ∞S . Hence Γ acts on ∂ ∞Q \ ∂ ∞S . Since S is closed, we have 12. For every γ ∈ Γ, γ : ∂ ∞Q \ ∂ ∞S → ∂ ∞Q \ ∂ ∞S has no fixed points. Therefore the action of Γ on (Q) \ ∂ ∞S is free. Moreover, the action of Γ on (Q) \ ∂ ∞S is properly discontinuous.
We now define the space at infinity ∂ ∞ Q of Q as { quasi − geodesic rays in Q}/ ∼. As before, the relation ∼ is given by: β 1 ∼ β 2 if their Hausdorff distance is finite. We can define a topology on ∂ ∞ Q in the same way as for ∂ ∞Q , but we can take advantage of the already defined topology of ∂ ∞Q .
Lemma 2.3. There is a one-to-one correspondence between ∂
Proof. By path lifting and Lemma 2.2 there is a one-to-one correspondence between the sets { quasi−geodesic rays in Q} and { quasi−geodesic rays inQ that diverge f romS} / Γ. Then the correspondence [β] → p (β), for quasi-geodesic rays inQ that diverge fromS is one-to-one (see item 8). This proves the Lemma.
We define then the topology of ∂ ∞ Q such that the one-to-one correspondence mentioned in the proof of the Lemma is a homeomorphism. Also, we define the topology on We also have a version of item 11 for Q. Lemma 2.6. Let g ′ be another complete Riemannian metric on Q whose sectional curvatures are also ≤ c 2 < 0, and such that there are constants a, b > 0 with a 2 ≤ g ′ (v, v) ≤ b 2 for every v ∈ T Q with g(v, v) = 1, and such that S is also a convex subset of (Q, g ′ ). Then ∂ ∞ Q is the same if defined using g or g ′ . Moreover Lemma 2.4 above also holds for (Q, g ′ ) (with respect to all proper concepts defined using g ′ instead of g).
Proof. It follows from item 11 and Lemma 2.5. Note that the liftingsg,g ′ of g and g ′ , satisfy a 2 ≤g ′ (v, v) ≤ b 2 for every v ∈ TQ withg(v, v) = 1. This proves the Lemma.
Section 3. Proof of Theorem 1.
Let the metric g and the closed simple curve α be as in the statement of the Theorem. Write N = S 1 × S n−2 and Σ M = Λ g Φ M , where Φ M = Φ M (α, V, r). The base point of the k-sphere S k will always be the point u 0 = (1, 0, ..., 0) . Let θ : S k → DIF F (N × I, ∂), θ(u 0 ) = 1 N ×I , represent an element in π k ( DIF F (N × I, ∂) ).
We will prove that if
We can assume that this map is smooth.
Remark. Originally σ ′ may not be smooth, but it is homotopic to a smooth map. By "σ ′ is smooth" we mean that the map
, is smooth. To homotope a given σ ′ to a smooth one σ ′′ we can use classical averaging techniques: just define
dw, which is smooth. Here: (1) η is a smooth ǫ-bump function, i.e. R k+1 η = 1 and η(w) = 0, for |w| ≥ ǫ and, (2) we are extending σ ′ (originally defined on D k+1 ) to all R n , radially. Since σ ′ is continuous, the second order derivatives of σ ′ x (u) and σ ′ x (u ′ ) are close for u close to u ′ . Therefore the second order derivatives of σ ′ x (u) are close to the second order derivatives of σ ′′ x (u). Hence, if ǫ is sufficiently small, we will also have σ ′′ (u) ∈ MET sec<0 (M ).
Also, by deforming σ ′ , we can assume that it is radial near
, is a negatively curved metric on M . Also, σ ′ (u) = Σ M θ(u), for u ∈ S k , and σ ′ (u 0 ) = g. Since σ ′ is continuous there is a constant c 2 < 0 such that all sectional curvatures of the Riemannian manifolds (M, σ ′ (u)), u ∈ D k+1 , are less or equal c 2 . Write ϕ u = Φ M (θ(u)), u ∈ S k . Hence we have that σ ′ (u) = (ϕ u ) * σ ′ (u 0 ) = (ϕ u ) * g, for u ∈ S k . Note that ϕ u is, by definition, the identity outside the closed normal geodesic tubular neighborhood U of width 2r of α. Also, ϕ u is the identity on the closed normal geodesic tubular neighborhood of width r of α. Note that ϕ u : M → M induces the identity at the π 1 -level and hence ϕ u is freely homotopic to 1 M .
Since σ ′ is continuous and D k+1 is compact we can find constants a, b > 0 such that
Let Q be the covering space of M with respect to the infinite cyclic subgroup of π 1 (M, α(1)) generated by α. Denote by σ(u) the pullback on Q of the metric σ ′ (u) on M . For the lifting of g on Q we use the same letter g. Note that α lifts to Q and we denote this lifting also by α. Let φ u : Q → Q be diffeomorphism which is the unique lifting of ϕ u to Q with the property that φ u | α is the identity. We have some comments.
(ii.) The tubular neighborhood U lifts to a countable number of components, with exactly one being diffeomorphic to U . We call this lifting also by U . All other components U 1 , U 2 , ... are diffeomorphic to D n−1 × R. Note that φ u is the identity outside the union of U i and U and inside the closed normal geodesic tubular neighborhood of width r of α.
(iii.) Since ϕ u : M → M induces the identity at the π 1 -level, and S k is compact, there is a constant C such that
(vi.) All sectional curvatures of the Riemannian manifolds (Q, σ(u)), u ∈ D k+1 , are less or equal c 2 .
Since (M, σ ′ (u)) is a closed negatively curved manifold, it contains exactly one immersed closed geodesic freely homotopic to α ⊂ M . Therefore (Q, σ(u)) contains exactly one embedded closed geodesic α u freely homotopic to α ⊂ Q. Note that α u is unique up to affine reparametrizations. Write α 0 = α u 0 and note that α u = φ u (α 0 ), for all u ∈ S k .
Since n ≥ 5 we can find a compactly supported smooth isotopy s : Q × I → Q, s 0 = 1 Q , with s 1 (α 0 ) = α. Using s we get a homotopy (s t ) −1 φ u s t between φ u and ψ u = (s 1 ) −1 φ u s 1 . Therefore we can assume that for u ∈ S k we have σ(u) = (ψ u ) * g. Note that (ii) above still holds with U ′ = (
coincides with U i outside a compact set. Also, since s is compactly supported (iii) holds too. For (iv) we assume that U ′ is the closed normal geodesic tubular neighborhood of width 2r of α 0 and s 1 sends geodesic of length 2r beginning orthogonally at α 0 isometrically to geodesic of length 2r beginning orthogonally at α (we may have to consider a much smaller r > 0 here). Note that (v) and (vi) still hold. The following version of (iv) is true
Now, by [13, Prop. 5.5] α u depends smoothly on u ∈ D k+1 . Hence we have a smooth map h : D k+1 × S 1 → Q, given by h u = α u . Note that h is radial near ∂. We have the following facts:
1. We can identify S 1 with its image α 0 and, using the exponential map orthogonal to S 1 , with respect to g = σ(u 0 ) and the trivialization V ′′ , we can identify Q to S 1 × R n−1 . With this identification V ′′ becomes just the canonical base E = {e 1 , ..., e n−1 } and (iv') above has now the following form:
2. Because of the argument above (using the homotopy s) we can not guarantee that all metrics σ(u) are lifted metrics from M , but we do have that all liftings of the σ(u) to the universal coverQ =M are all quasi-isometric.
The next Claim says that we can assume all h u = α u : S 1 → Q to be equal to α 0 .
Claim 1.
We can modify σ (hence also α u and h) on int (D k+1 ) such that a. The liftings of the metrics σ(u) to the universal coverQ =M are all quasi-isometric.
Proof of Claim 1. Let H be as in Lemma 1.4. Then the required new metrics are just
, that is, the pull-backs of σ(u) by the inverse of the diffeomorphism given by the isotopy H u at time t = 0. Note that the metrics do not change outside a compact set of Q. Just one more detail. In order to be able to apply Lemma 1.4 for k = 0 we have to know that the loop β : D 1 → Q given by β(u) = h(u, 1) is homotopy trivial. But if this is not the case let l be such that β is homotopic (rel base point) to α −l 0 . Then just replace h by h ϑ, where ϑ :
Note that h u and (h ϑ) u represent the same geodesic, but with different basepoint. This proves Claim 1.
Hence, from now on, we assume that all α u are equal to α 0 : S 1 → Q. Note that the new metrics σ(u), u ∈ int (D k+1 ), are not necessarily pull-back from metrics in M . Recall that we are identifying Q with S 1 × R n−1 , and the rays {z} × R + v, v ∈ S n−2 , are geodesics (with respect to g = σ(u 0 )) emanating from z ∈ S 1 ⊂ Q and normal to S 1 . Denote by W δ = S 1 × D n−1 (δ) the closed normal tubular neighborhood of S 1 in Q of width δ > 0, with respect to the metric σ(u 0 ). Note that ∂W δ = S 1 × S n−2 (δ).
For each u ∈ D k+1 and z ∈ S 1 , let T u (z) be the orthogonal complement of the tangent space T z S 1 ⊂ T z Q with respect to the σ(u) metric and denote by exp u z : T u (z) → Q the normal exponential map, also with respect to the σ(u) metric. Note that the map exp u : T u → Q is a diffeomorphism, where T u is the bundle over S 1 whose fibers are T u (z), z ∈ S 1 . We will denote by N u the sphere bundle of T u . The orthogonal projection (with respect to the σ(u 0 ) metric) of the tangent vectors (z, e 1 ), ..., (z, e n−1 ) ∈ T z Q = {z} × R n−1 (here e 1 = (1, 0, ..., 0), e 2 = (0, 1, 0, ..., 0),... ) into T u (z) gives a base of T u (z). Applying the Gram-Schimidt orthogonalization process we obtain and orthonormal base v 1 u (z), ..., v n−1 u (z) of T u (z). Clearly, these bases are continuous in z, hence they provide a trivialization of the normal bundle T u . We denote by χ u : T u → S 1 × R n−1 the bundle trivializations given by χ u (v i u (z)) = (z, e i ). Note that these trivializations are continuous in u ∈ D k+1 .
is a smooth map. The restriction of τ u to any ∂W δ ⊂ S 1 × R n−1 will be denoted also by τ u . ¿From now on we assume δ < r.
Claim 2.
There is δ > 0 such that the map τ u : ∂W δ → S 1 × S n−2 is a diffeomorphism.
Proof of Claim 2. Just apply Lemma 1.6 to the map χ u • (exp u ) −1 . This proves Claim 2.
Note that τ u depends continuously on u. Note also that Claim 2 implies that every normal geodesic (with respect to any metric σ(u)) emanating from α 0 , intersects ∂W δ transversally in a unique point. Denote by ρ u : ∂W δ → (0, ∞) the smooth map given by τ u (z, v) = |w|, where we are using the notation before the statement of Claim 2.
To simplify our notation we take δ = 1 and write W = W 1 . Thus ∂W = N = S 1 × S n−2 and we write N ×[1, ∞) = Q\int W . Now, for each u ∈ D k+1 we define a self-diffeomorphism
Here is an alternative interpretation of
We denote by ∂ ∞ Q the space at infinity of Q with respect to the σ(u 0 ) metric. Recall that the elements of ∂ ∞ Q are equivalence classes [β] of σ(u 0 ) quasi-geodesic rays β : [a, ∞) → Q = S 1 × R n−1 (see Section 2) . Note that, since all metrics σ(u) are quasiisometric, a σ(u) quasi-geodesic ray is a σ(u ′ ) quasi-geodesic ray, for any u, u ′ ∈ D k+1 . Hence ∂ ∞ Q is independent of the metric σ(u) used (see (v) and Lemma 2.?). Still, the choice of a u ∈ D k+1 , gives canonical elements in each equivalence class in ∂ ∞ Q: just choose the unique unit speed σ(u) geodesic ray that "converges" (that is,"belongs") to the class, and that emanates σ(u)-orthogonally from S 1 ⊂ Q. If we choose the σ(u 0 ) metric, this set of geodesic rays is in one-to-one correspondence with N = S 1 × S n−2 ⊂ Q. We identify N × {∞} with ∂ ∞ Q by:
We now extend each f u to a map f u :
Recall that, as we mentioned before, we have f u ( c
We will write exp = exp u 0 . Also, as in Section 2, we will write exp (∞v) = [c v ], for v ∈ N .
Proof of Claim 3. Note that f u is already continuous (even differentiable) on Q. We have to prove that f u is continuous on points in
Then, by Lemma 2.5, v n → v and t n → ∞. Let u ∈ D k+1 and write f = f u . We have to prove that q
, where c u w is the σ(u) geodesic ray t → exp u (tw). Note also that, by definition, f (q n ) = exp u (t n w n ). The Claim follows now from Lemmas 2.5 (see also Lemmas 2.4 and 2.6).
Proof of Claim 4. Note that we know that u → f u | Q is continuous. Let
Then, by Lemma 2.5, v n → v and t n → ∞. Let also u, u n ∈ D k+1 with u n → u. To simplify our notation we assume that u = u 0 (the proof for a general u is obtained by properly writing the superscript u on some symbols; see also Lemma 2.6). Hence, by the previous identifications, exp u 0 = exp : T = Q → Q is just the identity and f u 0 is also the identity . Write f n = f un and w n = (
we will work inQ instead of Q. Therefore we "lift" everything toQ and we express this by writing the superscript tilde over each symbol. Hence we haveṽ,w n ∈Ñ , u, u n ∈ D k+1 , t n > 0 satisfying 1.w n →ṽ and c uñ wn (1) = exp un (w n ) →ṽ.
We have then that cṽ is ag geodesic ray and the c uñ wn areσ(u) geodesic rays. Write c n = c uñ wn andq ′ n = c n (t n ). We have to prove thatq ′ n → [cṽ]. Since u n → u 0 , the maps exp un → exp = 1Q (in the compact-open topology). Therefore (*) for any R, δ > 0 there is n 0 such thatd(c n (t), cṽ(t)) < δ, for t ≤ R, and n ≥ n 0 .
Since cṽ is a unit speed geodesic (i.e. a (1,0)-quasi-geodesic ray), by (1) and (2) , for large n we have that c n = c uñ wn is aσ(u) (2, 0)-quasi-geodesic ray. By (v) above and Lemma 2.1 the identity (Q,σ(u)) → (Q,g) is a (λ, 0)-quasi isometry, where λ = max{
a 2 }. Therefore, we have that c n is ag (2λ, 0)-quasi-geodesic ray. Let K = K(2λ, 0, c 2 ) be as in item 6 of Section 2, and c 2 is as in (vi) above. Then there is a unit speedg geodesic ray β n (t), t ∈ [1, a n ], that is at K Hausdorff distance from c n , t ∈ [1, t n ], and has the same endpoints: β n (1) = c n (1) →ṽ and β n (a n ) = c n (t n ) =q ′ n . Note that a n → ∞ because t n → ∞. We have that (*) above (take δ = 1 in (*)) imply that (**) given an R > 0 there is a n 0 such thatd(cṽ(t), β n ) ≤ C = K + 1, for t ≤ R and n ≥ n 0 .
SinceQ is complete and simply connected, we can extend each β n to a geodesic ray β n :
be the unit speedg geodesic ray with β ′ n (1) =ṽ, β ′ n (∞) = β n (∞). Therefored(β n (t), β ′ n (t)) ≤d(β n (1), β ′ n (1)) =d(c n (1),ṽ) → 0. We can assume then thatd(β n (t), β ′ n (t)) ≤ 1, for all n and t ≥ 1. Hence, a version of (**) holds with β ′ n instead of β n and C + 1 instead of C. This new version of (**)
, and this together with condition (1.) imply
and a n → ∞, we have that
Proof of Claim 5. Let u ∈ S k . Since σ(u) = g on W , then T u = T u 0 = S 1 × R n−1 and exp u z (v) = (z, v) for all z ∈ S 1 and |v| ≤ 1. It follows that f u ( c u 0 (z, v)(t) ) = c u (z, v)(t), for t ≥ 1. On the other hand, since σ(u) = (φ u ) * σ(u 0 ) we have that ψ : (Q, σ(u 0 )) → (Q, σ(u)) is an isometry. Hence ψ u (c u 0 (z, v)(t)), t ≥ 0, is a σ(u) geodesic. Since ψ u is the identity in
. Now, since ψ u is at bounded distance from the identity (recall that (iii) above holds for ψ) then f u ( c u 0 (z, v) ) is at bounded distance from c u 0 (z, v), thus they define the same point in ∂ ∞ . Therefore 
Proof of Claim 6. Let u ∈ S k . Recall that ψ u is the identity outside the union of U ′ i and U ′ and inside the closed normal geodesic tubular neighborhood of width r of α 0 = S 1 (see (iii) above). In particular ψ u is the identity on W . ¿From (iv') (and (1)) above we have
Recall also that each U ′ i is diffeomorphic to D n−1 × R. Letᾱ 0 be the (not necessarily embedded) closed g geodesic which is the image of α 0 ⊂ Q by the covering map Q → M . Remark that U i is the 2r normal geodesic tubular neighborhood of a lifting β i of α ⊂ M which is diffeomorphic to R. Since α ⊂ M is freely homotopic to the closed geodesicᾱ 0 ⊂ M we have that β i is at finite distance from some embedded geodesic line which is a lifting of α 0 . Therefore the closure of U i in Q ∪ ∂ ∞ is formed exactly by the two points at infinity determined by this geodesic line. Consequently, the closureŪ i of each U i is homeomorphic to D n and intersects ∂ ∞ in exactly two different points. Now, applying Alexander's trick to each ψ|Ū i , we obtain an isotopy (rel U ′ ) that isotopes φ u to a map that is the identity outside U ′ \ int (W ), and coincides with ψ u on U ′ , that is, coincides with Φ Q (α 0 , E[ On the other hand, we can deform θ u to θ ′ u , where θ ′ u is the identity on N ×( [0, ]. Finally using the identification mentioned before this Claim, we obtain that θ ′ = ϑ. This proves Claim 6 and Theorem 1.
Section 4. Proof of Theorem 2.
First we recall some definitions and introduce some notation. For a compact manifold M , the spaces of smooth and topological pseudo-isotopies of M are denoted by P dif f (M ) and P (M ), respectively. Both P dif f (M ) and P (M ) are groups with composition as the group operation. We have stabilization maps Σ : P (M ) → P (M × I). The direct limit of the sequence P (M ) → P (M × I) → P (M × I 2 ) → . . . is called the space of stable topological pseudo-isotopies of M , and it is denoted by P(M ). We define P dif f (M ) in a similar way. The inclusion P dif f (M ) → P (M ) induces an inclusion P dif f (M ) → P(M ). We mention two important facts: Theorem 4.3. Let p be a prime integer (p = 2) such that 6p−5 < n. Then for k = 2p−4 we have that π k (DIF F (S 1 × S n−2 × I, ∂)) contains (Z p ) ∞ and π k (ι ′ ) restricted to (Z p ) ∞ is oneto-one. When p = 2, n needs to be ≥ 10. Also, if n ≥ 14, then π 1 (DIF F (S 1 × S n−2 × I, ∂)) contains (Z 2 ) ∞ and π 1 (ι ′ ) restricted to (Z 2 ) ∞ is one-to-one.
We will need a little more structure. There is an involution " − " defined on P dif f (M ) by turning a pseuso-isotopy upside down. For M closed we can define this involution easily in the following way. Let f ∈ P dif f (M ). Definef = ( (f 1 ) −1 × 1 I ) •f , wheref = r • f • r, r(x, t) = (x, 1 − t) and (f 1 (x), 1) = f (x, 1). This involution homotopy anti-commutes with the stabilization map Σ, hence the involution can be extended to P(M ). This involution induces an involution − : π k (P(M )) → π k (P(M )) at the k-homotopy level. We define now a map Ξ : P dif f (M ) → P dif f (M ) by Ξ(f ) = f •f , and extend this map to P dif f (M ). We have four comments:
i. For f ∈ P dif f (M ), Ξ(f )| M ×{1} = 1 M ×{1} . Therefore Ξ(f ) ∈ DIF F (M × I, ∂). Hence the map Ξ : P dif f (M ) → P dif f (M ) factors through DIF F (M × I, ∂).
ii. Since P dif f (M ) is a topological group, for x ∈ π k (P (M )) we have that π k (Ξ)(x) = x +x.
iii. The following diagram commutes
where the horizontal lines are both either " − " or Ξ. Hence we have an analogous diagram at the homotopy group level.
iv. We mentioned in (1.) that P dif f (−) is a homotopy functor. But the conjugation "−" defined on P dif f (M ) depends on M . In any event, we have that P dif f (−) preserves the conjugation "−" up to multiplication by ±1.
Note that (i.) above implies that π k (Ξ) : π k (P dif f (S 1 × S n−2 )) → π k (P dif f (S 1 × S n−2 )) factors through π k ( DIF F ((S 1 ×S n−2 )×I, ∂) ). Therefore, to prove Theorem 4.3 it is enough to prove: Proposition 4.4. For every k = 2p − 4, p prime integer (p = 2), 6p − 5 < n, we have that π k (P dif f (S 1 × S n−2 )) contains (Z p ) ∞ . Also π 1 (P dif f (S 1 × S n−2 )) contains (Z 2 ) ∞ , provided n ≥ 14, and π 0 (P dif f (S 1 × S n−2 )) contains (Z 2 ) ∞ , provided ≥ 10. Moreover, in all cases above, π k (Ξ) restricted these subgroups is one-to-one. By (2.) and (iii.) to prove Proposition 4.4 it is enough to prove the following stabilized version: k = 2p − 2 and contains (Z 2 ) ∞ when k = 3 by the Addendum. Hence y → y +ȳ and y → y −ȳ, y ∈ (Z p ) ∞ , are both one-to-one. Since ζ k : π k (A(X)) → π k−2 (P dif f (X)) has finitely generated kernel we can assume (by passing to a subgroup of finite index) that y → ζ k (y +ȳ) and y → ζ k (y −ȳ), y ∈ (Z p ) ∞ , are also one-to-one. It follows that x → x +x and x → x −x, x ∈ ζ k ((Z p ) ∞ ), are one-to-one. Finally, the same argument shows that x → x +x and x → x −x, x ∈ ζ 3 ((Z 2 ) ∞ ), are one-to-one.
